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We show that the presence of Majorana zero-modes in a one-dimensional topological superconductor can be
detected by adiabatic cooling. This cooling effect results from an increase of the topological entropy associated
with the ground state degeneracy due to such modes. Here, we consider an experimentally feasible topological
superconductor: a strong spin-orbit coupled semiconducting quantum wire interfaced with an s-wave supercon-
ductor and subjected to a magnetic field. Numerical simulations of realistic experimental geometries indicate
that the creation of Majorana zero-modes, which can be achieved by tuning of electronic gates or the external
magnetic field, results in a measurable cooling effect. We also argue that this cooling effect results in an increase
in the zero bias peak conductance.
Introduction—Majorana zero-modes, which are predicted
to appear in odd-pairing topological superconductors,1,2 have
recently attracted a lot of attention. This interest is partially
driven by the possibility of employing non-Abelian statis-
tics associated with the Majorana zero-modes for topological
quantum computation.3,4 It has been suggested that topologi-
cal superconductors can be realized in heterostructure devices
built from readily available ingredients, such as topological
insulators5 or Rashba spin-orbit coupled semiconductor,6,7 in
proximity with an s-wave superconductor. Among all propos-
als, devices that consists of a one-dimensional semiconduct-
ing wires with strong spin-orbit coupling in proximity with
an ordinary s-wave superconductor are the most promising.8,9
This optimism is fueled by the recent experimental observa-
tion of a zero-bias peak, which is likely due to the presence of
Majorana zero-modes.10–13 The appearance of this zero-bias
peak, however, does not provide any information about the
quantum statistics associated with the Majorana zero-modes.
In this paper, we propose an experimental procedure to verify
the Majorana-zero mode quantum statistics by detecting their
topological entropy.
Majorana-zero modes have proven challenging to detect
in two-dimensional settings. In quantum Hall systems, ex-
perimental proposals are often based on interferometry,14–16
which requires a microscopic understanding of edge trans-
port, or charge sensitive bulk measurements,17–19 neither of
which applies to a 1D topological superconductor. Alterna-
tively, a cooling effect associated with the ground state de-
generacy of Majorana zero-modes, similar to spin demagne-
tization cooling effect, has been proposed for charge insen-
sitive bulk detection.20,21 As a necessary condition for non-
Abelian statistics, the ground state degeneracy, Γ ∼ dNq , has
to grow exponentially with respect to the number of quasipar-
ticles Nq, where d > 1 is the quantum dimension of the non-
Abelian quasiparticles (d =
√
2 for Majorana zero-modes).
This contributes a temperature independent topological en-
tropy,22 S D = kBNq ln d + O(1), to the total entropy,
S (T ) = S D + S n(T ), (1)
where S n(T ) is the normal entropy that monotonically in-
creases as a function of the temperature. When Majorana
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FIG. 1. Schematic representation of an even and odd parity topolog-
ical superconductor (shown in green). As the middle section of the
wire is tuned to the non-topological phase (shown in blue) Majorana
zero-modes are generated at the domain walls. For each case, two
possible configurations for the occupation of the non-local fermion
formed by a pair of Majorana zero modes give the topological en-
tropy S D = kB ln 2 associated with the creation of Majorana zero
modes.
zero-modes are created in an adiabatic process, i.e., S (T ) re-
mains constant, the increase of the topological entropy leads
to a reduction of the normal entropy and hence a cooling ef-
fect.
In this paper, we consider the adiabatic cooling effect due
to the creation of Majorana zero-modes in a one-dimensional
topological superconductor made of a semiconducting quan-
tum wire in proximity with an s-wave superconductor. We
start with a wire in the topological superconducting phase
by properly tuning of the chemical potential and the external
magnetic field.23 Gating and variation of the magnetic field
is used to bring the middle segment of the wire into a non-
topological phase as shown in Fig 1. As a consequence, ad-
ditional localized Majorana modes appear at the domain wall
separating the topological and non-topological phases. When
this procedure is performed adiabatically, it results in a cool-
ing effect, i.e., the final temperature is lower than the initial
temperature T f < Ti. Based on a numerical analysis of exper-
imentally accessible setups with realistic material parameters,
we show that an adiabatic cooling effect of ∆T ∼ 20 mK can
be achieved. As the cooling effect leads to an increase in the
zero bias conductance peak, it can be detected in transport.
Entropy expression for topological superconductors—
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2Topological superconductors have a degeneracy resulting
from the fact that a pair of Majorana zero-modes form a non-
local fermion with zero-energy. The occupied fermionic state
has the ground state with odd parity, whereas the unoccupied
fermion state has even parity. Now, the contributions to the
topological entropy can simply be understood by counting the
possible ground states configurations. Consider a topological
superconductor with a fixed parity,24 tuning the middle seg-
ment of the wire to the non-topological phase results in only
two choices. For example, if we begin with an even parity su-
perconductor, the outer segments of topological superconduc-
tors can have either even or odd parity after tuning as shown in
Fig. 1. Thus the excess entropy associated with this procedure
is just kB ln 2 = 2kB ln
√
2 (exactly the entropy corresponding
to two Majorana zero-modes). A similar counting argument
holds for an odd parity superconductor.
This simple counting argument can be formally derived as
follows. Since the total entropy of a superconductor with fixed
particle parity is different from one where particle parity can
fluctuate, we shall start from the partition function with the
parity constraint25
Ze(o) ≡ Tr
[
1 ± (−1)N
2
e−βHMF
]
=
1
2
(Z+ ±Z−) , (2)
where the superscript e(o) corresponds to even(odd) parity
and N is the total particle number. The projection opera-
tor [(1 ± (−1)N)/2] suppresses contributions from states with
odd and even particle parity, respectively. The mean field
Hamiltonian, HMF =
∑
n Enγ
†
nγn, is expressed in terms of
the Bogoliubov quasiparticle operators γn with quasiparticle
energy En ≥ 0. In terms of the energy spectrum, we have
Z± = ∏(1 ± e−βEn ). In making the BCS approximation, we
have assumed that the low-temperature dynamics are com-
pletely governed by independent Bogoliubov quasiparticles.
The total entropy can be evaluated from the partition func-
tion as
S e(o) = −kBTr
[
ρe(o) ln ρe(o)
]
, (3)
where ρe(o) is the density matrix for even(odd) parity, is given
by
ρe(o) =
(
1 ± (−1)N
)
e−βHMF
Z+ ±Z− . (4)
Using Eq. (2), the total entropy can be expressed as
S e(o)
kB
=
∑
n
βEn
(
f+Z+ ± f−Z−
Z+ ±Z−
)
+ lnZe(o), (5)
where f±(En) = 1/(1 ± eβEn ). We note that the term inside
the parentheses of Eq. (5) is the average occupation number
〈n(En)〉e(o) of a quasiparticle state with the energy En under
the even(odd) parity constraint.
In the presence of m ≥ 1 fermionic zero-energy states,
Eq. (5) can be simplified to
S (T )
kB
= (m − 1) ln 2 +
∑
n
βEn f+(En) + lnZ′+
 , (6)
where we have defined Z′+ ≡ Z+/2m to allow for separation
of the zero-energy state contributions. Now, Eq. (6) represent
all the contributions to the entropy of a superconducting sys-
tem with a parity constraint in the presence of fermionic zero-
energy mode(s). Identifying a pair of Majorana zero-modes
with a fermionic zero-energy state, i.e., Nq = 2m, facilitates
comparison of Eq. (6) with the general entropy expression of a
non-Abelian system (see Eq. (1)). The first term in Eq. (6) can
be recognized as the temperature independent topological en-
tropy S D of Nq Majorana zero-modes, while the terms inside
the parentheses represent the temperature dependent entropy
due to the normal sources S n(T )
Cooling effect of quantum wire — As mentioned in the in-
troduction, gating or variation of the magnetic field will gen-
erate additional Majorana zero-modes, which will lead to a
cooling effect. For this cooling effect to be observable, it
is important that (i) the normal sources provide enough ini-
tial entropy, which requires an initial minimum temperature
T > Tmin for the experiment, and (ii) the normal entropy
contribution should be strongly temperature dependent and
weakly dependent on other parameters. Here, the minimum
initial temperature, defined by S n(Tmin) = kB ln 2, is the lowest
temperature required to generate additional Majorana zero-
modes adiabatically. The second condition requires that the
quasiparticle density of states in the energy window, E . Ti,
does not change significantly in the cooling process, where the
energy E is measured respect to the superconductor ground
state energy.
For a finite superconducting quantum wire, the fermionic
contributions to the entropy come from either discrete energy
states, due to size confinement, or a continuous Bogoliubov
spectrum E > ∆ (∆ is the proximity induced superconducting
gap). The continuous Bogoliubov density of states changes
drastically, as the number of occupied bands increases by one.
Therefore, in order to satisfy condition (ii), we must exclude
the entropy contributions of the continuous Bogoliubov quasi-
particle states. This can be achieved by choosing the initial
temperature of experiment much smaller than the supercon-
ducting gap. In contrast, the discrete states correspond to con-
fined Andreev bound states resulting from finite size effects
and typically lie inside the superconducting gap. Since these
discrete states are determined by the wire dimensions both in
the topological and the non-topological phase, their density of
states remains unchanged during the transition. In order to en-
sure that the change in the normal contribution to entropy dur-
ing the tuning procedure is associated to a reduction in tem-
perature only, we numerically check that the density of states
does not change significantly for the entire parameter window
considered below. Combining the condition discussed above
with (i), we require the existence of the temperature regime
kBTmin < kBTi  ∆ to observe the cooling effect. Below, us-
ing numerical simulation, we show that the above temperature
regime exists and leads to a measurable cooling effect.
Let us begin by describing the one-dimensional semicon-
ducting wire with strong spin-orbit coupling in proximity with
an s-wave superconductor with a tight-binding Hamiltonian in
3the Nx × Ny × Nz rectangular lattice sites:26
HL =
∑
r,d,α,β
c†
r+d,α
[
−tδαβ − iURzˆ ·
(
σαβ × dˆ
)]
cr,β
−
∑
r,α,β
c†r,α
[
µ(r)δαβ +
gµB
2
B · σαβ
]
cr,β
+
∑
r,α
∆0(r)δrz,0
(
c†r,αc
†
r,−α + cr,−αcr,α
)
, (7)
where cr,α(c
†
r,α) is the annihilation (creation) operator at the
site r = (rx, ry, rz) with spin α =↑, ↓, and d = adˆ is the
vector connecting the nearest neighboring sites. The fol-
lowing parameters are chosen to coincide with the material
parameters and experimental conditions: the hopping con-
stant t, the lattice spacing a, the spin-orbit coupling strength
on the lattice UR, the chemical potential µ(r), and the Zee-
man energy Ez = gµB|B|/2 with the magnetic field B (g is
the Lande´ g-factor and µB is the Bohr magneton). The su-
perconductor contact is modeled by introducing a constant
pairing potential ∆0(r) = ∆0 at the bottom of x − y sur-
face, which self-consistently gives a desired proximity in-
duced pairing potential ∆. As both the magnetic field and
the local chemical potential can be tuned externally, a seg-
ment of the wire can be driven into the topological phase
when EZ >
√
∆2 + (µ(r) − µ0,n)2 is satisfied.23 Here, µ0,n is
the chemical potential corresponding to the center of the gap
between the 2n − 1 and the 2n bands of the multi-band model
in Eq. (7).
As a concrete example, we focus on the InSb semiconduc-
tor wire that has the band mass m = ~2/(2ta2) = 0.015me,
spin-orbit energy ESO = U2R/t = 50 µeV, and g ≈ 50.11 We set
Nx × Ny × Nz = 600 × 5 × 4 with the lattice spacing a = 25
nm that leads to the hopping amplitude t = 4.06 meV and
UR ' 0.11t. Throughout the discussions, we choose the chem-
ical potential µ ≈ µ0,3, to sit around the gap between the 5th
and 6th bands. The choice of the pairing potential ∆0 = 650
µeV, self-consistently leads to a proximity induced pairing po-
tential ∆ ≈ 200 µeV,11 choosen to mimic experimental condi-
tions. A magnetic field applied along the wire direction Bx,
gives the Zeeman energy Ez ≈ 1.45Bx meV/T.
We now propose two possible schemes to implement the
adiabatic cooling effect due to the creation of the Majorana
zero-modes labelled as (I) and (II) from here onwards. (I)
Start with a uniform chemical potential µi ≈ µ0,n occupying
2n − 1 bands with EZ > ∆. The whole wire is in the topo-
logical phase with a pair of Majorana zero modes at its ends.
Then adiabatically tune the chemical potential of the middle
segment of the wire to µmf = µi + dµ
m. This drives the middle
segment into the non-topological phase and creates two ex-
tra Majorana zero-modes at the domain walls. (II) Start with
a non-uniform chemical potential profile µi(r) with a higher
value in the middle segment of the wire. A sufficiently large
magnetic field is applied to the wire so that the whole wire is
initially in the topological phase. Then adiabatically reduce
the magnetic field to drive the middle segment of the wire into
the non-topological phase creating two extra Majorana zero-
modes at the domain walls.
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FIG. 2. (a) The contour plot shows the temperature difference
dT = T f − Ti as the function of the initial temperature Ti and the
chemical potential difference dµm = µmf − µi which tuned by the gate
placed across the middle segment of the wire. Here, the initial chem-
ical potential, µi = µ0,3 (defined in the text), is chosen to have the
whole wire in the topological phase. (b) The contour plot shows the
temperature difference dT = T f −Ti as the function of the initial tem-
perature Ti and the magnetic field difference dBx = Bx, f − Bx,i. As
discussed in the text, the chemical potential of the middle segment
of the wire is higher than that of two outer segments, µm > µo while
a sufficient strong magnetic field Bx,i is initially applied to have the
whole wire in the topological phase.
To demonstrate that the adiabatic cooling effect can be ob-
served in the InSb semiconductor wire setup, we numerically
compute the spectrum of the lattice model, Eq. (7) with the
aforementioned material parameters. Then, the entropy of
the system can be evaluated from Eq. (6). From the initial
setup of either scheme (I) or scheme (II) at an initial temper-
ature Ti, the total entropy is determined by S i(Ti). Here the
subscript i( f ) denotes the initial(final) state of the setup. By
adiabatically creating an extra pair of Majorana zero-modes
following the procedure described in either scheme (I) or
scheme (II), the temperature independent topological entropy
becomes S D = kB ln 2 from Eq. (6). As the total entropy is
unchanged in an adiabatic process, the final temperature T f
can be evaluated by requiring that S f (T f ) = S D + S n, f (T f ) =
S i(Ti).
4The implementation of scheme (I) gives the temperature
difference dT = T f − Ti shown in the contour plot in Fig. 2a
as a function of the initial temperature Ti and change of the
chemical potential dµm = µmf − µi. An external magnetic field
Bx ≈ 200 mT is applied along the wire direction leads to the
Zeeman energy EZ ≈ 285 µeV. The initial choice of chemical
potential µi = µ0,3, requires dµm & 200 µeV to drive the mid-
dle segment of the wire into the non-topological phase. The
cooling effect can be realized with a low enough initial tem-
perature Ti . 88 mK and effectively becomes independent
of dµm when the middle segment of the wire is deep inside
the non-topological phase, dµm & 350 µeV. This stems from
the fact that the quasiparticle density of state (other than the
Majorana zero-modes) in the energy window, E . Ti, remain
largely unchanged over the gating process. It is worthwhile to
note that the initial entropy S i(Ti) < kB ln 2 when Ti . 67 mK
which sets the minimum temperature Tmin.
Following scheme (II), the contour plot in Fig. 2b shows the
temperature difference dT = T f − Ti as functions of the ini-
tial temperature Ti and the difference of the applied magnetic
field dBx = Bx, f − Bx,i in the x-direction. We use the exter-
nal gates to tune the chemical potential of two outer segments
and the middle segment of the wire to µo = µ0,3 and µm =
µ0,3 + 165 µeV, respectively. Initially, an external magnetic
field Bx,i ≈ 200 mT is applied to the wire. Then, the mag-
netic field is gradually reduced to a final strength Bx, f . In the
current setup, the middle segment of the wire becomes non-
topological, hence creating a pair or Majorana zero-modes,
when the magnetic field difference dBx = Bx, f − Bx,i .
−18 mT. We note that scheme (2) results in more irregular
cooling effect as tuning the magnetic field in general causes
more dramatic changes of quasiparticle density of state.
Provided that the hybridization22 of Majorana modes is
still negligible, some comments regarding to the qualitative
changes upon altering experimental parameters are in order.
First, because the total entropy is an extensive quantity, a
shorter wire or fewer occupied bands provide a smaller nor-
mal entropy reservoir and, in principle, has a more promi-
nent cooling effect. Second, increasing the number of gates
to create more Majorana zero-modes leads to a stronger cool-
ing effect in a given wire. However, both changes will lead
to a higher minimum temperature Tmin below which the pro-
cess becomes non-adiabatic, hence the temperature regime
in which adiabatic cooling process can be detected becomes
smaller. In contrast to the quantum Hall case, where the tem-
perature change is determined by the density and the magnetic
field, the temperature change in our case depends on the initial
conditions. However, as the operational temperature window
in the quantum Hall case20 is of the same magnitude as in our
analysis, we expect that the magnitude of the cooling effect to
be similar in both cases.
Discussion—This cooling effect can be detected in trans-
port by analyzing the response of the differential conductance
G(eV,T ) with respect to the temperature. Here, we will focus
on the temperature dependence of the zero-bias conductance
peak (ZBCP) observed in experiments.11 Since the Majorana
zero-mode obeys Fermi-Dirac distribution, the difference of
the peak value, ∆G = G(0,T f ) − G(0,Ti), under the cooling
process, at low-temperatures, can be approximated as
∆G ' G′′ (0,T = 0)pi
2
3
Tave∆T, (8)
where ∆T = T f − Ti is the change in temperature, Tave =
(T f + Ti)/2 and the double primes in the superscript indicates
the double derivatives with respect to eV . If the differential
conductance G(eV,T = 0) is maximized at V = 0, as seen in
the current experiments, the cooling will lead to an increase in
the ZBCP, while heating will lead to a decrease in the ZBCP.
Assuming a Lorentzian profile of the conductance peak with
the broadening γ ∼ 25 µeV,11 we estimate the variation of
conductance to be 5 ∼ 10% of G0 ∼ 2e2/h. We would like to
stress that only a relative sign change of the temperature needs
to determined to detect a cooling effect, therefore, alternate
methods such as thermopower27 or optical techniques can also
be employed.
To satisfy the adiabaticity, entropy should not flow in
and out of the system as the quasiparticle density is varied
throughout the cooling process. This can be achieved by ther-
mally disconnecting the topological superconductor from the
environment. In our system, the bulk s-wave superconduc-
tor in proximity with the wire provides a reservoir that car-
ries no entropy and effectively isolates the wire.20 In addition,
to minimize entropy losses during the tuning process, we re-
quire a slow thermal exchange rate between the lattice and the
electrons, i.e., phonons need to be frozen at low temperature,
which will lead to a long enough thermal relaxation time, τT .
Since quasiparticle poisoning will alter the parity of the topo-
logical superconductor by introducing non-equilibrium parti-
cles, the proposed adiabatic cooling schemes must also be per-
formed faster than the poisoning time scale, τqp. Alternately,
the electronic responsive time scale, τs, which is of the order
of nanoseconds, is fast enough to maintain quasi-static equi-
librium in the whole system throughout the tuning process.
In order to ensure adiabaticity, the tuning procedure has to be
performed within the time scale τs < τ < min(τT , τqp). Typi-
cal superconducting qubits have τqp ∼ 10µs− 1ms, indicating
that experimental procedures proposed here can be performed
adibatically.28,29
To conclude, we would like to comment on other contribu-
tion to the normal entropy, such as phonons and domain wall
fluctuations which have been ignored. In the low tempera-
ture regime, phonons are mostly frozen out and their contri-
butions are negligible. The domain wall fluctuations between
the topological and the non-topological regions can lead to ex-
tra entropy, however, as they are pinned by the external gates,
they can be treated classically. Other sources of entropy, for
example, trapped spin, local fermion modes e.t.c., only mat-
ter if the entropy associated to these modes changes during
the tuning procedure, in which case complementary measure-
ments are required to rule out these possibilities. Finally, the
presence of scalar potential disorder alters the quasiparticle
spectrum30 which can change the entropy carried by the quasi-
particles. With weak disorder our numerical analysis shows
that the cooling effect is unaltered. However, the presence of
strong disorder requires more careful consideration, which is
beyond the scope of the work.
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